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INFINITE PRODUCT

Consider Taylor series of a function y = In{fix)) for a>0 |x-a| < —;
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pPvil=vwill=¢ pvy=ppyI=p(¥=yv pv(ill=e ... p w0y =e then obtain y=ee -8 -8 - =& =z

Example Py = }__x vilj=e
————— 1 5 2
5 A C =
v X dy os o s
e =y = =xdx wy=e for w(l)=e w=¢e
y-In(y)

Find solution of this equation useing the infinite product

Py =y =’ =1 py=pey) =y’ =yen* py0) = y0)-pyo)’= e

Py =p'(pv) = p’E’-[p'fr-'}E] = py-py-(py) = [p'}-'}l- y)" pTy(0) = {p'}'fﬂ}}:- [p"}-'[D}}D= 1



p(4}3’= rip"v)= p’[(p’rf}z-(p"ff}x] = p’[(p’ff}l]-p’[(p"ff}ﬂ = Pr‘_‘-f"(IJ"_‘n’}l'P"‘_‘f"(P"‘_‘n’}x

ﬂ(;l}.'l'r \l. = |_1’\r'l f \I..fn"t.-f 1\2’.nFtrf 1 fnmtrfﬂ‘l.‘l.{q o ﬂ3
r AhF [ o N Y R A ST A Y ol e e | bl
5 | x4 b 4 2
B X i E K .
i T T Ti—g——t . T
Whence it follows that v= g.r{i}}-p’y(i}}x-p"y(i}} T-pmy(0) '-I:p{ }-y{'l}}] d o =e =

Example p'v = v-x yl)=2 (¥ = y-In(y-x)

Given j—x}'{x} = w{(x)-ln vw{x)-x) wWl)y=2 y = Odesolve(x,2.5) y(1.1) = 2.16204 708330437

Find solution of this equation useing the infinite product far |- 1| <05
(=1)? =1’ =n*
-1 2 3 4
y=y()-py()" -py() PU¥(L) PV =
3 4 5 6 T 8
=12 (=1) (=-1) (1) (1) (=1) (1)
3! TR v 81 g Ml g 7 y B

v= z-f‘l-(z- €) Z -{:z-e‘}} *2 ez} -1_2- e 2_.|' -{_z-e‘u} -{_z-e' 93_} -{_z- em}



(z=1)° (=n*

&1’
ST B |
i(x) = 2-2"_1-(2- g) L i) Z4(1.1) = 2.16204467014537
3 4 5
(x=1)° | (x;l} | (x;rl} | (x—jrl}
z3(x) = 2-2"_1-(2- g) L i) Lzl z3(1.1) = 2.16204443468021
3 4 5 &
(x—l)ﬂ' | (x;rl} | {x;rl} | (x—jrl} | _(x;rl}
6(x) = 2-2""1-(2- e) 2 l eﬂ_} -{2- ez_} -lz-e" 2_.|' -{hﬂ_} 26(1.1) = 2.16204450283300
s el &' -1’ -1° (=1’
™ 7 o Eo Ml R R o SO
zi(x) = 2-2x -(2-8) -12-3 i -{_Z-E i -{2-& i -12-3 i -12-3 i
(e 1? =1)° -1 (x-1)° =1)° (&=1)" x=1°
s 7 o Eo Ml R R ol SRR R R
”/(x) = 227 "(2-e) -12-3 i -{_Z-E i -{2-& i -12-3 i -12-3 i -{_Z-E i
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Queastion How find a precesion of a computation of this solution

Consider of this differential equation on the interval (1,5) x=1,101_5

(Given :—xy{x} = y(x)-In{y(x)-x) =2 ¥, = Odesolve(x. 3)



210°

6107

¥ 410%

210°

- y(x) In(y(®)®) =0 yl)=1 y()=0 y=Odesolve(x,2)  y(1.15) = 1.00054100217316

Find solution of this equation useing the infinite product for |- 1| <03 x=01,011_2



=1)*

y=y(0)-py ()™ gy (1)

=02 &1 -=1n* 31 -7@1)°

P y(1)

(x-1)°

(=1)

py(1)

271 —127-(z1)

ol I I Al 51 I T
coathy B B Wy B W B
-0° -1’
Al
Hx)=-e 3 e 4
3 4 5
=1 -@D' 3D
I Al sl
230 = e 3 " 4 e
3 4 §u 5
1" -@D' 31 -71)
I Al sl I
o » o4 s 6!
3 4 5u  w 5 7
1" -0 31 -7D° 27G-1)
I Al sl I T
Sy TR R g .. 3
P O O S 7 (O [ OGN 1 | LA ]
I Al sl I Tr I
ey » o4 s & _ n o

&

z4{1.15) = 1.00034155283682

z3(1.15) = 1.00034345230422

z6{1.13) = 1.00034334150136

z/{1.15) = 1.00054335066001

z8{1.15) = 1.00034334085232
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Queastion How find a precesion of a computation of this solution

Consider of this differential equation on the interval {1.5) x=1,101_5

(iven ily(x} N dx—x —yx-nyx)x =0 wh=1 ¥(1)=0 | y = Odesolve(x.3)



3x10°

2=10

®

1x10°

Example Airy equation y'=wvx wh=1 D=0 |z-1| <05

2
Given %}r{x} =y(x-=x yl)=1 ¥(1)=0 y = Odesolve(x.1) ¥(1.13) = 1.01183641803801
dx

-1 a1 @-0' a-1

Usually solved of this equation with useing Taylor series Wx) =14+
Y q g 1ay vi(x) 3 5 24 20

¥3(1.15) = 1.011836125



Find a solution of this

yi(1)

py(=e¥V ==

g

P y=p(py)=p'e

equation useing the infinite product

yyy 1.1-0
. a . v . T
Il y¥'==y y()=1ll=1 py=e - py(l)y=e =e
2 2 2 i3 27 3 . 3
-}-‘-}-"‘Hﬁ- ' }-“-x—}"‘ﬁ’- Yy | ¥ 2lyyyily 1— 040
3 ..-"-= P';xE L _.-'-= EI"“ ¥ ‘=e ¥ ;

¥yoy-y Yy =YYy
Y=y =yeE=y+ry y()=1 py=p@Ey)=ple ¥ J=- &
3 m 3 i 3 R F 3 3 2
|y -2y y+2y ) [y-2yyy+2y' | -6y lyeloyy’-2ylyy
3 | | 3 | 4
(4) ’ i ¥ I_ A\ ¥ ¥
P y=pipT)=ple = J=e . e -
0-2+0-0
F. i .,
[4}_-'[ I)=e J =e ~ or Sl



[ y¥-3yyy’|  FOy-tyyyiyyysyry
3 4 )] —1
1 i i ¥ | ¥y yil)=e
p[}-}==p{p y)=p'\e : j=e - Py
=1 @D =)’ 261" -6’ 0> @)’ 260 6D’
g = ol : E -
i e B o B o SN o i 3! 41 i

Then obtain z3(x) =

z3{1.15) = 1.01183601338465 ==01,011..14
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Example Bessel equation xzil}r(x} + x-d—}r{x} + txl - nz_}f.r{x} =0
o dx

This equation have the general solution  y(x) = C;-T (%) + Gl &

2 &

: d '8 o
Given x Eﬂx}ﬂ-d—xm}dx ~thw=0  wn=1 ym=1 + = Odesolve(x,2)



¥1245) = 121477080767641

Usually solved of this equation with useing Taylor series x=01,011._13

(- i (- ot , - y’
60

3 o ¥I(1245) = 1. 21470023571578

mx}::1+x—l

Find by analogy solution of this equation useing the infinite product

. 3 4 i sl
SR J{xyl) 234:1 D’ 14?{_:;r i)
D) =e ' : . 25(1.245) = 1.2151391283053
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1 =
wi(x)
}rj{:x:' 0.5
z3(x)

0

S
g 0.8 1 12 14
X

Example Kummer equation xv"+(1-%-v-2y=0 wl=1 (=1 | [x-1]| <03

v)
Given x-izy{x} +{1—x}-:—x}f{x} -2y(H)=0 yl=1 y()=1  y:=Odesolve(x,2) y(115) = 1.17318332623777



B oEsa | Eeatt i
Usually solved of this equation with useing Taylor series  y5(x) =1+ x-1+(x-1)" + - + 3 = e ¥3(1.15) = 1.173180203123
Find a solution of this equation useing the infinite product
) =" 361" 1761 46(x-1)°
w1+ ;
Then obtain  z3(%) = e 2t # i = 23(1.15) = 1.17338412032729

x=01011_13
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