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Constrained B�ezier curves
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In this paper we present two new classes of nth degree B�ezier

curves while its control points bn−1 or b1 are always belong to a

curve. Degenerate B�ezier curves may be considered as a particular

case of presented class.

A B�ezier curve is a parametric curve frequently used in computer

graphics and related �elds to model smooth curves that can be

scaled inde�nitely.

As usual it is written as follows

bn(t) =

n∑
i=0

biB
n
i (t),

where Bn
i (t) are Bernstein polynomials, de�ned explicitly by

Bn
i (t) =

(
n
i

)
ti(1− t)n−i.

Let us consider that a curve () has a control point bn−1 ∈ bn(t) ∀
t ∈ [0, 1], then it is possible to write

n∑
i=0

bi

(
n
i

)
ti(1− t)n−i = bn−1,

n−2∑
i=0

bi

(
n
i

)
ti(1− t)n−i + bn−1

(
n

n−1

)
tn−1(1− t)+

+bn

(
n
n

)
tn = bn−1,

and it follows that

bn−1 =
1

1− ntn−1(1− t)

(
n∑

i=0

bi

(
n
i

)
ti(1− t)n−i + bnt

n

)
.
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Further we consider that a B�ezier curve has a control point

b1 ∈ bn(t) ∀ t ∈ [0, 1], then

n∑
i=0

bi

(
n
i

)
ti(1− t)n−i = b1,

b0
(
n
0

)
t0(1− t)n + b1

(
n
1

)
t(1− t)n−1+

n∑
i=2

bi

(
n
i

)
ti(1− t)n−i = b1,

and �nally we obtain

b1 =
1

1− ntn−1(1− t)

(
n∑

i=2

bi

(
n
i

)
ti(1− t)n−i + b0(1− t)n

)
.

The following �gures show the �rst class of a cubic constrained

B�ezier curve.
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Fig. 1. Constrained B�ezier curves at t = 0, 0.4, 0.8, 1. The last
�gure shows the degenerate B�ezier curve.
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